Introduction
η-Fe 2 C (eta carbide) and ε-Fe 2.4 C (epsilon carbide) are two transition compounds which occur in the microstructure of quenched steels during the initial stages of tempering [1] . The precipitation of ε-Fe 2.4 C is predominant in conventional heat treatments (quenching in oil at temperatures above 273 K) while η-Fe 2 C precipitates during cryogenic (sub-zero) treatments, known as shallow when the quenching temperature is near 193 K and deep when the quenching is performed at or near 77 K [2, 3] .
The application of cryogenic treatments to steel components such as tools [4] [5] [6] [7] [8] and gears [2, 3, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] is justified by numerous claims that the wear and fatigue behaviour is significantly improved mainly due to three phenomena which occur at low temperatures [10] : complete martensitic transformation, changes in the residual stresses and precipitation of nanometric carbides.
The microstructure of surface hardened steels commonly used to manufacture heavy-duty gears typically consists of tempered martensite, retained austenite and iron carbides. The complexity of this microstructure has lead to somewhat contradictory opinions regarding the role played by individual phases in wear and contact fatigue. An example for this is the influence of retained austenite and its optimum amount (a brief review can be found in [19] ).
A better understanding of the role played by individual phases is necessary for reliable failure predictions and this requires that the mechanical properties of the phases involved are known. Experimental determination of these properties (i.e. elastic modulus, hardness, yield strength, etc.) can be difficult, on one hand because of the small size of the grains (the η-Fe 2 C observed [20] varies from 5 to 10 nm in cross-section and from 20 to 40 nm in length) and, on the other hand because some phases are not stable at room temperature (i.e., unalloyed Fe-C austenite). The structure of Fe-C austenite as well as a number of relevant properties have been computed by molecular dynamics [21] but, to date no experimental or theoretical data exists for the elastic modulus of η-Fe 2 C.
The lattice parameter of η-Fe 2 C has been determined from ab initio calculations by various authors [22] [23] [24] [25] , its bulk modulus has also been calculated [24, 25] but the anisotropic single-crystal elastic constants have been computed only by Lv et al. [25] . Although, the mechanisms by which cryogenic treatments improve the wear resistance of steels are not completely understood it is believed [20] that the precipitation of nanometric η-Fe 2 C enhances the strength and toughness of the martensite matrix, similar to the reinforcement of composites with nanoparticles. Also, the precipitation of the nanometric carbides is accompanied by a reduction in residual stresses in martensite [17] . The proposed mechanism [20] of η-Fe 2 C formation at low temperatures involves a slight shift of carbon atoms from the equlibrium position due to lattice deformation.
In this work, we determined the structural and elastic properties of η-Fe 2 C from first principles. These include the lattice parameters and the single-crystal elastic constants.
The isotropic polycrystalline elastic moduli have been calculated as averages of single-crystal elastic constants using the Hill's average [26] .
The calculated elastic modulus for η-Fe 2 C and the experimentally determined elastic modulus of martensite were used to estimate the elastic modulus of a gear steel subjected to two different cryogenic treatments: shallow (SCT) and deep (DCT), respectively by applying the rule of mixtures (Eq. 13). These data were then used to assess the contact fatigue behaviour of the steel tested under rolling/sliding elastohydrodynamic lubrication (EHL) conditions.
At the time of writing there is no published work on the wear behaviour of cryogenically treated gear steels under EHL conditions (in which most case carburised gears operate).
Ab initio calculations
The crystal structure of η-Fe 2 C (Fig. 1) is orthorhombic [30] as implemented in the Quantum-ESPRESSO package [31] , using atomic ultrasoft pseudopotentials [32] within the density functional theory (DFT) [33, 34] . The use of generalized gradient approximation (GGA) is preferred because it correctly predicts the ferromagnetic body centred cubic (BCC) structure of Fe, while the local density approximation (LDA) incorrectly predicts its ground state to be nonmagnetic [35] . After the convergence tests, a plane wave kinetic-energy cutoff of 65 Ry (∼ 884 eV) and a charge density cutoff of 390 Ry (∼ 5306 eV) were found to be sufficient to converge the total energy to less than 5 meV/atom (Fig. 3) . The elastic constants, c i j , of the orthorhombic unit cell were calculated by applying a small strain to the equilibrium lattice parameter and computing the total energy. The symmetric distortion matrix for an orthorhombic unit cell, D, is given by [35] :
where ε i are the strain tensor components in Voigt notation. The elastic constants, c i j , can be calculated from the Hook's law. E m = the energy computed using the most dense mesh. 
where B Reuss and G Reuss are given by Eq. 4 and 5 assuming uniform stress [39] and B Voigt and G Voigt are given by Eq. 6 and 7 assuming uniform strain [40] . 
The elastic modulus, E, and the Poisson's ratio, ν, can be calculated using Eq. 8 and 9, respectively.
Experimental
Tests were carried out on samples of S156 steel which had been carburised, quenched and surface ground. The chemical composition of the S156 steel is given in Table 1 ing to the depth below surface at which the nanoindentation tests were carried out (500 µm) are given in Table 5 .
Nanoindentation
The nanoindentation tests were carried out using a Hysitron
Triboindenter with a Berkovich tip using a maximum applied load of 10 mN. After each indentation an area 5 × 5 µm was scanned using the AFM (Atomic Force Microscope) of [41] .
where:
P max is the maximum indentation load
A c is the projected area of tip-sample contact
where: E * is the reduced contact modulus S is the stiffness
ν and ν i are the Poisson's ratios of sample and indenter, respectively
E and E i are the Young's moduli of sample and indenter, respectively A total of 50 indentations have been performed on a polished cross section of each sample at a depth of approximately 500 µm.
Surface contact fatigue
The surface contact fatigue tests have been carried out using a rig described in a previous publication [42] . A number of six pairs of discs have been tested: two oil quenched, two shallow cryogenic treated and two deep cryogenic treated.
In the conventional treatment the samples were oil quenched from 825 • C, and tempered at 190 • C.
In order to achieve an elliptical contact, one of the discs (Table 2) . The single-crystal elastic constants of η-Fe 2 C are presented in Tabel 3. There are significant differences between the values calculated in the present study and those obtained by Lv et al. [25] . The accuracy of the calculated elastic constants is strongly dependant on the accuracy of the self consistency runs and also on the convergence criteria of geometry optimizations for each distorted structure. In our calculations we have used a denser k-points mesh (6 × 7 × 10 compared to 6 × 6 × 9 in [25] ) and we imposed a convergence threshold of 10 −8 Ry (∼ 1.36 × 10 −7 eV) while the convergence threshold used in [25] was 10 −5 eV.
The bulk modulus, B, (Tabel 4) calculated in this work agrees well with the values reported by Lv et al. [25] and is about 8% different than that reported by Faraoun et al. [24] . For shear modulus, G, Poisson's ratio, ν, and elastic modulus, E, (Tabel 4) no data is available for comparison. Table 4 Polycrystalline elastic moduli of η-Fe 2 C (GPa).
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The average elastic modulus of martensite, determined from nanoindentation tests carried out on the oil quenched samples was E = 203 GPa and it was used as the reference value in the subsequent calculations of the volume fraction of carbides. The average elastic modulus of retained austenite was E = 175 GPa. Similar values were reported for the elastic modulus of Fe-C austenite from molecular dynamics calculations [21] .
Considering the percentages of retained austenite determined by XRD (Table 5) 
E is the elastic modulus of composite 
Compared to conventional oil quenching, both cryogenic treatments lead to a reduction of micropitting (see Fig. 9 ). Table 6 shows the average area of micropitting measured for each specimen. 
Conclusions
In this work the elastic properties of η- 
